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A LOCAL LIMIT THEOREM
FOR CLOSED GEODESICS AND HOMOLOGY

RICHARD SHARP

ABSTRACT. In this paper, we study the distribution of closed geodesics on
a compact negatively curved manifold. We concentrate on geodesics lying
in a prescribed homology class and, under certain conditions, obtain a local
limit theorem to describe the asymptotic behaviour of the associated counting
function as the homology class varies.

0. INTRODUCTION

Let M be a compact smooth Riemannian manifold with first Betti number & > 0
and with negative sectional curvatures. Suppose also that either dim M = 2 or that
M is 1/4-pinched, i.e., the sectional curvatures all lie in an interval [—x, —x/4], for
some k > 0. Such a manifold contains a countable infinity of prime closed geodesics.
(We say that a closed geodesic is prime if it is not a nontrivial multiple of another
closed geodesic.) In this paper we are interested in how these closed geodesics are
distributed with respect to homology.

The homology group Hi (M, Z) is isomorphic to Z* @Tor, where Tor is the (finite)
torsion subgroup. In this paper, it will be convenient to consider the torsion-free
part of the homology, Hq (M, Z)/Tor. We shall, in fact, assume that an isomorphism
has been fixed and write Z* instead of Hy(M,Z)/Tor.

For a typical (prime) closed geodesic v on M, let () denote its length and
[y] € H1(M,Z)/Tor = ZF the torsion-free part of its homology class. For a € ZF,
define a counting function

(T a) =#{v: 1(v) <T,[y] = a}.
Recently, several papers have studied the asymptotics of this function as T — oco.
In particular, Anantharaman [I] and Pollicott and Sharp [I7] have shown that there
exist constants Cp > 0, independent of a, and Cy(a), n > 1, such that, for any
N > 1, we have the asymptotic expansion

hT
e Ci(a)  Ca(a) Cn (@) 1
(01) F(T’Q)ZW<CO+T+ T2 + -+ TN +O TN+1 5
where h > 0 denotes the topological entropy of the geodesic flow over M. (In fact,
the expansion in [17] contains some extra terms corresponding to powers of T-1/2,

a more careful analysis, as carried out in [II], shows that these terms vanish.)
Furthermore, Kotani [I1], has studied the dependence of the coefficients C),(«) on
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a = (ai,...,ar), showing that they may be expressed as polynomials of degree 2n
in a1, ...,ak. In the special case of manifolds of constant negative curvature, the
expansion (0.1) was obtained by Phillips and Sarnak [I4] and, independently, Kat-
suda and Sunada [9] obtained the leading term. For manifolds of variable negative
curvature (without the pinching condition) the leading term of (0.1) was obtained
by Katsuda [8], Lalley [12] and Pollicott [15]. Analogous results for manifolds with
cusps have been obtained by Epstein [6] and Babillot and Peigné [3].

In this note, we take a slightly different view and address the question of the
behaviour of 7(T, &) when « is allowed to vary independently of 7. We obtain the
following “local limit theorem”.

Theorem 1. Let M be a compact smooth Riemannian manifold with first Betti
number k > 0 and with negative sectional curvatures. Suppose also that either
dim M = 2 or that M is 1/4-pinched. Then there exists a symmelric positive
definite real matriz D such that

hot T2 L —ptayer| _

A | )~ e :

uniformly in o € ZF, where o > 0 satisfies 0?F = det D.

Here, (-,-) denotes the usual inner product {(x,y) = z1y1 + -+ + Tryr. As a
particular consequence, we recover the leading term of the expansion (0.1), with
Co = h~'o~*(2m)~%/2. Theorem 1 appears not to have been stated even for mani-
folds of constant negative curvature; although, in that case, the result can be easily
deduced from the analysis contained in [14].

Remarks. (i) If we take the torsion part of Hy(M,Z) into account, then we need to
modify Theorem 1 to read

hok T+ 1 ~(arDar)/2T

lim 77’(’(7‘, Oé) - We = 0,

T— oo ehT

uniformly in a € Hy(M,Z), where ar € Z* denotes the torsion-free part of o €
H(M,Z).
(ii) In Kotani’s formula for the term C,(a)/T™ in (0.1), the highest power of «

makes a contribution
1 1/ {a D ta)\"
(2m)k/2hok nl 2T '

As observed by Kotani in [11], formally summing these contributions gives the
expression e~ (P~ '@)/2T /(o )k/2p gk,

Theorem 1 should be compared with the results on homology classes varying
linearly in T obtained by Lalley [I2] and Babillot and Ledrappier [2]. Using these
results, one can show that, for § > 0 sufficiently small,

Tk/2+1
(0.2) lim sup

B HaHS&T C(a/T)eH(a/T)Tﬂ'(T, a) — 1| = 07

where H (x) is an entropy function satisfying H(0) = h, VH(0) = 0 and V2H (0) =
—D~! and where C(z) is continuous with C'(0) = Cy. On the other hand, Theorem



A LOCAL LIMIT THEOREM 4899

1 is equivalent to
hokTk/2+1 1 -1
: e - —a, D) /2T
(0.3) lim sup (T, «) Gn) 7 e

T=o jjaji<or| €T
(as the supremum over ||a|| > 6T clearly tends to zero). However, even though
H(z) = H(0) — (z,D~'z)/2 + O(||z||®), which gives
exp{H (a/T)T} = exp{H(0)T — (a, D~ 'a)/2T + O(||a||*/T*)},

the presence of the third order terms means that one cannot deduce (0.3) from

=0

(0.2).
The results of [2] and [12] do imply a central limit theorem: for A C R¥,
oy B ST, W/VT ey 1 /e—@vl”l@/?dx.
Ty ) < T G ot |,

A key ingredient in the proof of Theorem 1 is an understanding of the analytic
domain of a family of functions of a complex variable, called L-functions, indexed
by the characters of Z*. In the next section, we shall define these functions and
discuss their properties. In Section 2, we shall introduce a family of functions
Sr(t), t € [—m,w]*, obtained by summing a suitably weighted character ¥t over
all (multiple) closed geodesics of length at most T', and show that they are related
to contour integrals of the corresponding L-functions. The results in Section 1
are then used to estimate the sums Sp(¢). In Section 3, we shall use an approach
adapted from [I8] to transfer information from the Sp(t) to an auxiliary function
(T, a), which is essentially a weighted version of m(T', ), and obtain an analogue of
Theorem 1 valid for ¢(T, ). In Section 4, we shall complete the proof of Theorem
1 by elementary arguments. In the final section, we shall discuss the application
of our method to homologically full Anosov flows, giving a new proof of the first
order asymptotic formula for (T, «) (but without uniformity) in that case.

Notation. For given functions A(T) and B(T'), we shall write A(T) ~ B(T), as
T — oo, if limp_,oo A(T)/B(T) =1, and A(T) = O(B(T)) if |A(T)| < CB(T), for
some constant C' > 0.

1. L-FUNCTIONS

In order to obtain our main result, we shall need to understand the analytic
behaviour of a certain family of functions of a complex variable. We will identify
the character group of Z* with [—n, 7]k, For t € [—m, n]*, define

L) =] (1 _ e—sz<v>+i<t,m>>’1 7
S
where the product is taken over all prime closed geodesics . This converges for
Re(s) > h and has a meromorphic extension to a strictly larger half-plane [13].

It will be convenient to consider multiple closed geodesics v/ = 4™, n > 1. In
this case we shall write I(y') = nl(7), [y] = n[y], and A(y") = (7). (Note that A
is analogous to the von Mangoldt function in number theory.)

We are interested in the logarithmic derivative L'(s,t)/L(s,t) of L(s,t). When-
ever the summation converges, we have the identity

L/(S t) AW ’
' — N T A (A eSO
T ; (7)e
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We shall make use of the properties of L'(s,t)/L(s,t) described by the follow-
ing two propositions. These results were obtained in [I7] and rely heavily on the
techniques of Dolgopyat [4]. We write U(0) = {t : ||t|]| < d}.

Proposition 1 ([17]). For all sufficiently small 6 > 0 the following statements are
true.
(i) There exists € > 0 and an analytic function s : U(§) — (—oo, h], satisfying
s(0) = h and s(t) < h fort # 0, such that
L'(s,t) 1
L(s,t)  s—s(t)
is analytic in Re(s) > h — e.
(ii) There exists € > 0 such that, for t ¢ U(d), L'(s,t)/L(s,t) is analytic in

Re(s) > h —e.
Proposition 2 ([I7]). There exists e > 0, C > 0, and 0 < 8 < 1, such that, for all
te [_Wvﬂ]k;
L'(s,t)
) < I I¢]
2B < el

for Re(s) > 1 —¢ and |[Im(s)| > 1.
The function s(t) enjoys the following properties.
Lemma 1. Vs(0) = 0 and V?2s(0) is strictly negative definite.

We shall write D = —V?25(0) and define o > 0 by 02* = det D. The next result
is crucial for our subsequent analysis.

Proposition 3. There exists § > 0 such that, for t € U(5o/T),

lim e(s(t/aﬁ)fh)T: 7(t,Dt>/2a2.
T—o0

e

Furthermore, |et/oVT)=MT| < ¢=(tP)/40” g g

—(t,Dt) /202 < 267<t,Dt>/4a2.

‘e<s<t/aﬁ>7h>T e

Proof. Let f(t) = e~ Then f(0) = 1, Vf(0) = Vs(0) = 0, and V2f(0) =
V25(0) = —D. Applying Taylor’s Theorem, we have that, for ||t/ov/T|| < 4,

to\ (t, Dt) ||¢]]3
d (ﬁ) =17 g TO (Tw)

(where the implied constant is independent of ¢). The first statement follows from
the identity limr_ oo (1 — 2/T)T = e,
Provided ¢ > 0 is sufficiently small, for ||u|| < J, we have

(u, Du) /2 + O(||u|?) > (u, Du) /4.

Since (1 — z/T)T < e, this gives us |f(t/oV/T)| < e~ (t:P1/4*  Applying the
triangle inequality, we obtain

|f(t/a\/T) o e—(t,Dt)/202| < e—(t,Dt>/4a2 + e—(t,Dt)/Qaz

< 267<t,Dt>/4a2.
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Remark. The function s(t) has an interpretation in terms of the thermodynamic
formalism of the geodesic flow on SM. For a continuous function G : SM — R,
define its pressure P(G) = sup, {hu(qb) + [ Gdu}, where the supremum is taken
over all probability measures invariant under the geodesic flow. We can define a
(smooth) function F : SM — RF with the property that, for each closed geodesic

v, fé(w F(y(t),%(t))dt = [7]. Then R* 3 2z + P({(z, F')) is real analytic and has an

analytic extension to a neighbourhood of R¥ in C¥. We have that s(t) = P((it, F'))
and that D = V2P((z, F))|.—o [10], [T9].

2. CONTOUR INTEGRATION

We shall now use the results on L-functions obtained in the preceding section to
examine the behaviour of the summatory function

! . ’
Sr(t) = Z A(y)eith D,
I(v)<T

as T — oo. (Here, the ’ on the summation sign denotes that the terms with
I(7") =T are counted with weight 1/2.)

We begin by relating Sr(t) to L'(s,t)/L(s,t). This is achieved through the
following lemma.

Lemma 2 ([20, p. 132], Effective Perron Formula). Define a function 6(y) by

0if0<y<l,
0y) =43 ify=1,
1ify>1.

Y
o{eeti)
1+ R|logy]

Set d = h+T7 ! and R = TX (where K > 0 will be chosen later). Applying
Lemma 2 term-by-term to —L/(s,t)/L(s,t), we obtain

1 d+iR L'(S, t) eST A('y/)edTe_dl(’Y’)
an so=g [ (-eg) S 2 TR

Then, uniformly for d >0, R > 0,

1 d+iR s
o) =5 | Ls

21 4R S

We will estimate the big-O term in this expression. First set ¢ = T~™ (where
M > 0 will be chosen later) and consider the terms for which |T —I(v")] < e. We
will use the following result contained in [16].

Proposition 4 ([I6]). There exists ¢ < h such that

hT
¢ 1
/ . / < _ cT .
#{v 1Y) < T} ‘A E%sz+CX6 )

As a consequence, we may write

ehT+he

#%WJM%¢#

ehT—he lOgu

hT
Ty €e
du + Ofe )_0( - )
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Furthermore, if [T — I(v')] < ¢, then e¥e~4(") = O(1). Thus,
Z A(,Y/)edTefdl('y’) o (ehT>
rimize LRI =) ™
On the other hand,
Z A(y')e 4T e—dl(y) ed ZA e~ 1) — o < et > 7
1+ R|T — (v ~ TK-—M—-1
IT—1(~")|>e
where we have used the estimate
L'(h+T71,0)
L(h+T-1,0)

Combining the estimates above, equation (2.1) becomes

1 d+iR L/(S t) esT ehT
2.2 =— —— sy eyl I
( ) ST(t) 2ri /d—iR ( L(S,t) ) (Tmln{M,KMl})

Lemma 3. For all N > 1 we have the following estimates. (The implied constants
are independent of t.)

(i) Fort e U(9),

‘ = O(T).

(il) Fort ¢ U(9), .
Sr(t) =0 <;—N> .

Proof. Choose h — e < ¢ < h and let " denote the contour formed by the rectangle
with vertices at d — iR, d + iR, ¢+ iR, and ¢ — iR, oriented counterclockwise.

(i) Suppose that t € U(d). By Proposition 1(i) we can choose ¢ < s(t) so that,
using the Residue Theorem,

1 L'(s,t) eSTd _esWT
omi Jo\ L(s,t) ) s 7 s@)

Using Proposition 2, we also have the following bounds:
d+iR —iR L/ sT
/ / < 5,1) > C s
c+iR S, t) S
(b) |
[ (e
c—iR L(s,t) S

(s,
Combining this with (2.2) gives

s =S 0 (55).

B—1 hT et
—ow-tan—o (),

= O(RPeT) = O(TPKeeT).

where
N =min{M,K - M —-1,K(1-0)}.

Since K and M are arbitrary, we may take IV as large as we please.
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(i) Suppose that t ¢ U(6). Then, by Proposition 1(ii),
1 I sT
— _Est)) e ds =0.
27 Jp L(s,t) ) s

The result now follows as in the proof of (i).

3. AN AUXILIARY FUNCTION

In this section, we shall prove a result analogous to Theorem 1 but where 7(T, @)
is replaced by the auxiliary function

WT0) = 3 AW,

I(WH<T
!

[V]=c
which can be related to the sums Sp(t) considered in the previous section. We
shall adapt an approach used by Rousseau-Egele [1§] to examine the quantity
R T/ 2e=hTy(T, o). For a > 0, write I(a) = [—a,a]®. Using the orthogonality

relationship
1 / omilta) ittad gy — )1 if y = a,
2m)% Jr(m) 0 if y € ZF\a,

1 / ~ilt.a)
e "M Sp(t)dt.
2m)*% Jrim
Making the substitution ¢ — t/o\/T, we obtain
1 .
T 2Y(T, 0) = — / e~ i)/ oVT S (4o /T dt.
(27T) I(ﬂ'o’ﬁ)

The next result is the key to the proof of Theorem 1.

we have that

(T, a) =

Proposition 5.

ho* T2 L e~ (@D ) /2T

ehT w T; Oé) - 7(271—)16/2 - O

lim sup
T—o00 «ETk

Using the identity

(QW)k/Q
we have established the bound

hO.ka/Q e—(a,D71a>/2T
k
(2) TMT? @) — @

e—(a,Dfla)/QT _ 1 / ez‘(t,a)/m/Te—(t,Dt)/Qazd757
]Rk

<

/ o—i(t:a)/oVT {he’hTST(t/a\/T) _ 67<t,73t>/202} dt
U(6oV/T)

+ e UL NT e =hT S (1 Jo/T)dt

\/I(TK‘O'\/T)\U((;G'\/T)

+ efi(t,a)/aﬁef(t,Dt)/Q(rQdt

/Rk\U(ém/T)
=4 (Tv a) + AQ(Ta Oc) + AS(Tv a)'
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An easy calculation shows that

lim sup As(T,«a) =0,

T—0o0 yezk

so, to complete the proof of Proposition 5, it remains to estimate A;(7T,«a) and
Ao(T, ). To do this we shall use the information on s(t) and Sy (t) contained in
Proposition 3 and Lemma 3.

Lemma 4. There ezists C > 0 such that, for all sufficiently small § > 0,

lim sup 41(T,a) <C {/ e_<t’Dt>/4"2dt} 52,
Rk

T—o0 Q€ETk

Proof. By Lemma 3, we have that, for t € U(60v/T),
he(s(t/oVT)—h)T
s(t/o/T)

Using the analyticity of s(¢) and the fact that Vs(0) = 0, we have

he " Sp(t/oVT) = + O(T~ /241,

e(s(t/aﬁ)—h)T ( h _ 1)‘ < C«(SQe—(t,17t>/4027
s(t/oV/T)

for some constant C' > 0. Thus,

Al(T, Oé) S /
U(60VT)

182 / e~ tDP/40% 4 4 O (l) .
U(6oV/T) T

t,Dt) /202

‘e(s(t/aﬁ)—h)T _ o (tDt)/207|

By Proposition 3, we know that e(s(t/oVT)=m)T converges to e~ ¢
Furthermore, we have the estimate

,as T — oo.

< 26—(t,Dt>/402.

‘e(s(t/aﬁ)—h)T _ o~ (t:Dt)/20

Hence, applying the Dominated Convergence Theorem, we obtain the desired result.

Lemma 5.
lim sup A(T,a) =0.
T—o0 o ezk
Proof. By Lemma 3(ii), for t ¢ U(§/oV/T),
e M Sy (t/oVT) = O(T~*/2+1),
so that sup,ezr A2(T, o) = O(T1).

Proof of Proposition 5. Combining the above results we have that

<C /6—(t,Dt)/402dt 52.
S -

Since this holds for all sufficiently small § > 0, the proof is complete.

ho*T*/? 1 —(a,D" ) /2T

lim sup T (T, a) — We

T—00 yezk
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4. PROOF OF THEOREM 1

In this section we will use elementary arguments to deduce Theorem 1 from
Proposition 5. Whenever we make a big-O estimate, the implied constant will be
independent of «.

Write

GH(Toa)= Y 1(y).
e

An easy argument shows that

O(T,a) = *(T,a) + O(T?ehT/?),
Thus, Proposition 5 implies the following.
Proposition 6.

ho*T*/? 1 —(a,D7 ey /2T

T (T, a) - (zﬂ)k/Qe =0

lim sup
T—o00 ey

Finally, we consider 7 (T, o). It is easy to see that
V¥ (T, 0) < Tn(T, a).
For the corresponding lower bound, choose 7 > 0 and set §# = (1 +7)~! < 1. Then

I'n(T,a) T Z 14 Trn(0T, o)

ehT - ehT ehT
0T <I(y)<T

[V]=a

147 Tm(0T, «)
<o Y W+ —7—
0T <U(7)<T
=«

_(+n)0(Tia) | T#ly: 109) <0T)
- ehT ehT ’

Using the estimate #{v : [(y) < T} = O(e"T/T) [13], we have established

Tk/2+1 Tk/2 .
W(Tv a) - ehT 1/1 (Ta a)

0<
-  ehT

T2 | )

< U7 (Ta) + O(TH e,
so that, by applying Proposition 6,

Tk/2+1 k)2 )

ohT (T, ) — ohT (T, a)| < W.

Since 7 > 0 is arbitrary, this proves Theorem 1.

lim sup sup
T—oo «€eZk

5. HOMOLOGICALLY FULL ANOSOV FLOWS

The asymptotic identity (0.1) has been generalized to certain transitive Anosov
flows ¢y : N — N, where N is a compact smooth Riemannian manifold. We now
use v to denote a (prime) periodic orbit of ¢, with least period I(7). Once again, we
write [] for the torsion-free part of the homology class of v in Hy (N, Z) = ZF @ Tor.
We say that ¢ is homologically full if every homology class in Hy (N, Z) is represented
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by a closed orbit. In this case, there exist £ € HY(N,R), 0 < h* < h and Cy > 0
such that
T

(5.1) (T, ) ~ C’oe_@mW, as T — oo.

This result was first proved in [19], drawing on ideas from [10]. An alternative proof
was given in [2] and a more precise version is contained in [I7]. In this section, we
shall sketch a new proof of (5.1), using the techniques discussed above. However,
we will not make any claims about uniformity.

Remark. We can define a function p : H'(N,R) — R by p([w]) = P(w(X)), where
w is a closed 1-form representing the cohomology class [w] and X is the vector field
tangent to ¢. Then £ and h* are characterized by the formulae

h* =p(§) = min{p(¢) : & € H'(N,R)}.
We begin by considering a modified family of L-functions. We define

(5.2) Ls.t) =[] (1 _ e—sl(v)+<£,a>+i<t,[v]>)71 :

¥
which converges for Re(s) > h*. The extension of L’/ L to a uniform strip, described
in Propositions 1 and 2, is no longer valid; however, the next result provides a weaker
substitute. As in the case of closed geodesics, an analysis due to Dolgopyat [5] is
crucial here. For p > 0, write

R(p) ={s: Re(s) > h* —|Im(s)|™", |[Im(s)| > 1}.
Proposition 7 ([I7]). There exists a constant p > 0 such that, for all sufficiently
small § > 0, the following statements are true.
(i) There exists an analytic function s: U(d) — {z € C : Re(z) < h*}, satis-
fying s(0) = h* and Re(s(t)) < h* fort # 0 such that
L'(s,t) 1
+
L(s,t)  s—s(t)

is analytic in R(p).
(ii) Fort ¢ U(9), L'(s,t)/L(s,t) is analytic in R(p).
Proposition 8 ([I7]). There exist C > 0 and 3 > 0 such that, for all t € [—7, «]*,
L'(s,t)
WVl < oI B
2] < clmr

for s € R(p).

Although the function s(t) is now complex valued, it is still the case that Vs(0) =
0 and that V2s(0) is real and strictly negative definite. Moreover, again writing
D = —V?5(0) and 0%¢ = det D, the function e*®~"" still satisfies the conclusions
of Proposition 3.

We shall now mimic the arguments of Section 2. However, the weaker bounds
on L'(s,t)/L(s,t) force us to use a more complicated auxiliary function. For n > 0,

define
>

I(v)<T
[y]=a

ol€a)

/

Pn (Tv a) =

AG) (77 =)
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Then we have the identity

TR 2, (T, ) = e~/ TVT S5 ()T dt

: /
(QW)k I(7moV/T)
Z A(y)el&l D+t D (eh*T_eh*zm)"

I(y)<T

where

In order to estimate the function S.(¢) we need the following identity, for d > h*,

P B N R el
(5.3) Sr(t) = %/[F (_ L(s,t)> GrD am®

00

where we have used the formula

1 [dtiee S . 0if0<y<1,
2 o — N
27”'/(171‘00 s(s+1)--(s+n) %(1—5) ify>1.

Choose 0 < € < 1/p and set R = T¢ and d = h* + T~'. Then replacing the
integral in (5.3) with the truncated integral fjjif introduces an error of order
O(eV" +MT /T<"). Using the estimates

(a)
} </(jtf»+m " /f:jp—m> (_ i/l((::::))) s(s +61()S#L')(TS +n) o

_ O(Rﬁ—p—n—le(h*+n)T) — O(e(h*+n)TT—e(p+n+1—B));

/h*_RPiiR< I/(S,t)) e(s-‘,—n)T
- ds
“R-pi L(s,t) ) s(s+1)---(s+mn)

_ O(Rﬁe(h*-i-n—R*p)T) _ O(Tﬁee(h*-l-n)Te—Tl*Ep)

(b)

)

we may repeat the proof of Lemma 3 to obtain the following lemma.

Lemma 6. Setting N = min{en,e(p +n + 1 — 3)}, we have the following. (The
implied constants are independent of t.)

(i) Fort e U(9),
SE(f) — 6(s(t)+n)T o 6(h*+n)T
= OGm ) 6o T < T~ >
(ii) Fort ¢ U(8), Sp(t) = O(e +mT )TN,

Provided n is sufficiently large such that N > k/2, we may repeat the arguments
used in the proof of Proposition 5 to obtain

‘ * ka/2 1 —(a, D" a) /2T
Am sup H(h +J)m¢n( )—We =0.
« j=0
From this it immediately follows that
1 1 (h +n)T
n T’ ~
¥n(T)0) (27T)k/20k H (h*+j) TH/?

, asT — oo.
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The asymptotic formula

1 eh*T

(27r)k/2h*0k Tk/2’

wo(Ta Oé) ~ as T — 0Q,

now follows by a standard inductive argument (cf. p. 35 of [7]). Finally, (5.1)

may be deduced as in Section 3. (Note that one needs the a priori estimate
limsupy_ . (7(T,a))"/T < e, which follows from the convergence of (5.2) for
Re(s) > h*.)
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